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Abstract 

The SO(2, 10) covariant extension of M-theory superalgebra is 
considered, with the aim to construct a correspondingly generalized 
M-theory, or lie? supergravity. For the orbit, corresponding to the 
lid supergravity multiplet, the simplest unitary representations of 
the bosonic part of this algebra, with sixth-rank tensor excluded, are 
constructed on a language of field theory in 66d space-time. The main 
peculiarities are the presence of more than one equation of motion and 
corresponding Lagrangians for a given field and that the gauge and 
SUSY invariances of the theory mean that the sum of variations of 
these Lagrangians (with different variations of the same field) is equal 
to zero. 
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1 Introduction 



Recent progress in the investigation of theories with maximal supersymmetry 
leads to the notions of M and F theories 0, unifying many previously dis- 
connected ones, such as 11c? supergravity, superstrings, branes, etc. One of 
the lessons of this progress is that all features of the supersymmetry algebra 
appear to be important and contain interesting information on the physics 
behind them. Here we make an attempt to develop a systematic approach, 
aimed at using the well known property of maximally extended lie? super- 
symmetry algebra, namely its invariance with respect to SO(2, 10) rotations 
M. This feature has been discussed in a number of papers H - (T^J, where, 



in particular, twelve- dimensional theories were constructed, the particles and 
branes models, etc. What is the motivation for an SO (2, 10) approach to the 
M- theory superalgebra? 

The 11-dimensional supersymmetry algebra with maximal number of 
"central" charges [[13] (which are not central but rather are tensors with 
respect to the space-time rotations) has the following anticommutator of su- 
percharges 

{q,q} = rPi + ^ + p» w % Wffl) (i) 

= 0,1, 2, ..10 

Here the Q's are lie? Majorana spinors, Pi are the usual momenta, and ten- 
sors Zij,Zijkim the abovementioned central charges. The interesting feature 
of this relation is its 5*0(2,10) invariance, which means that it is invari- 
ant with respect to the SO (2, 10) group of rotations of space-time with two 
"times" and 10 space coordinates. Thus 11 dimensional Majorana spinors 
Q can be identified as 12c? Majorana-Weyl spinors, and generators on the 
r.h.s. combine into a 12d tensor P^ v and a selfdual sixth-rank tensor Z~Z uXpa . s . 
Instead of (fj|) we have now in 12d notation 

{Q,Q} = VPr + T^Z+j^ (2) 
fjtv,... = 0', 0,1, ...10 

Reducing the right hand side from 12c? to lie? notation we obtain again 
relation ([J). The important difference between these two relations is the 
absence in the second one of the vector object, momentum Pj. We ignore first 
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supercharges Q , and consider the pure "Poincare" algebra, implied by (|2|), 
which now consists of the usual generators of SO(2, 10) rotations and tensors 
P^ v with evident commutation relations: components of P^ v are mutually 
commutative, and transform as second rank tensors under rotations. We 
shall obtain features, which differ considerably from the usual ones. The 
main difference originats from the presence of many invariants (Casimir's 
operators), constructed from P^ v : 

TrP 2 = P^P V ^ 

TrP 4 = P, v P» x P Xp PP^ (3) 

jy^>12 _ p pfJ.1^2 pmin 

instead of the single one in lie? : P 2 = P{P % . Of course, in lid, one can 
also obtain a lot of invariants if one considers those constructed from Pj 
and tensors Zij,Z^i m . But it is not necessary, and the minimal theory 
(i.e. lid supergravity) can be constructed starting from Pi only. From the 
SO(2, 10) point of view we are forced to switch on tensorial charges from 
the beginning. Here we shall consider the problem of construction of field 
theories with tensor P^ u instead of the usual momenta Pi. The final goal is the 
construction of a theory with 5*0(2, 10) invariance, which has to reduce to lid 
theories under some conditions. In particular, although the algebra (Q) has 
many different BPS representations [[3], there is one, which corresponds 
to the usual BPS representation of lie? supergravity - massless superparticle 
multiplet. This is the multiplet, corresponding to the orbit of a particular 
tensor 

P M „ = (P '*,Pi = 0), (4) 
P 2 = Po^P 0,i = 0, (5) 
P°'< = (1,1,0,...,0) (6) 

^From the SO (2, 10) point of view, the (compact) little group of this orbit is 
50(9), exactly as in lid superalgebra, and the representations are the same, 
in particular the smallest representation of the corresponding superalgebra 
includes one spin- vector (128 degrees of freedom), a traceless second-rank 
tensor (44), and an antisymmetric third rank tensor (84). One should note 
also that the natural space on which the algebra with 50(2, 10) and P pv 
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generators is realized is not 12d space-time, but Q6d "space-time" with co- 
ordinates X^ v - antisymmetric tensor of second rank. The orbit referred to 
has the property, that all polynomial invariants (|3|) are equal to zero. The 
entire little group of this orbit can be found from its Lie algebra: Consider 
all elements of so(2, 10) algebra, which leave the tensor @ unchanged. Ac- 
tually (H) itself, with raised second index (we use "mostly plus" signature), 
is an element of so(2, 10), so we are seeking its stabilizer in this algebra. It is 
easy to show, that the following matrices of so(2, 10) are exactly all matrices, 
commuting with @: 
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The algebra of matrixes (]?]) is a direct sum of the so(l, 1) algebra of 
matrices (|7|) with only non-zero entry a, and an algebra, which is a semidirect 
sum of so(9) (represented by matrixes (|7]) with a = b = c = ... = d = 0) 
and an Abelian algebra of matrices (^) with non-zero elements b,c, ...,d only. 
The unitary finite-dimensional representations of this little group algebra are 
those of so(9) subalgebra, with other generators represented by zero, which 
is possible due to the structure of the algebra. 

The main feature of theories of this kind (i.e. those having P^ v instead 
of Pi in the algebra of symmetries) is the appearance of many Lagrangians 
- even in the case of one scalar field - which are simultaneously necessary 
for the description of the theory. Or, equivalently, many equations of mo- 
tion for the same field are necessary, which is immediately connected with 
the existence of many invariants of P^ u . Their role i s to bring the general 
function of the momenta P^ v to a function on the orbit of 5*0(2, 10). The 
notion of a symmetry generalizes in this case, as we shall see below, to the 
single equation, which implies that a sum of variations of these actions, with 
different infinitesimal variation of the same field in different actions, is equal 
to zero. 

In the following we shall discuss mainly the theories without supersym- 
metry generators. Supersymmetry will appear in Section 6. Also, an algebra 
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of symmetry will be generalized to the semidirect product of so(2, q) and that 
of P^ v which are tensors under SO(2, q) Lorenz rotation, and components of 
P^ u commute with themselves. We are mainly interested in q = 10, but some 
examples will be considered for q = 2. In Sections 3, 4, 5 scalar, spinor and 
vector fields, respectively, are considered. Section 2 contains the discussion 
of orbits in the case of q=2. The conclusion is devoted to the discussion of 
results and prospects. 



2 Classification of orbits: Example of q=2 



The method of induced representations requires the classification of all orbits 
of the group SO (2, 10) on the space of tensors P^ u . This classification can be 
presented in a form of a list of representatives, one for each orbit, socalled 

an identification of orbits 
i.e. (|]). This correspondence 



standard forms of P^ v . It is also convenient to have an identification of orbits 
with values of invariants, constructed from P. 



can be easily obtained if standard forms are known. The classification for 
the (2 + 10)d case is not known to us. It is known in a simpler case, e.g. 
for Maxwell field strength in (1 + 3)d (see, e.g. [fL5H ). Here we shall present 
this for the case of SO(2,2). In this case the space of tensors P M „ can be 
invariantly divided into two subspaces of self-dual and antiself-dual tensors, 
which have, correspondingly, the forms (with second index raised) 
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The triplets (a, b, c) and (k,l,n) transform under algebra so(2, 2) as vectors 
with respect to the two so(l, 2) subalgebras of so(2, 2) = so(l, 2) + so(l, 2). 
Correspondingly (neglecting some subtleties concerning factorization over 
discrete subgroups) these vectors can be brought to the different forms de- 
pending on the values of their squares, namely to the forms (m, 0, 0), (0, 0, m) 
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and(l, 0, 1). Substitution of these forms into (||), (|9|) gives the standard forms 
of P^ v . The invariants, which define to which orbit a given P^ belongs are 
traces of squares of self-dual and antiself-dual parts of P^ u : 

P+ v P+» = 4(-a 2 + b 2 + c 2 ) (10) 

P^P-v = 4{-k 2 + l 2 + n 2 ) 

The cases of negative, positive, and zero values of these invariants correspond 
to the three abovementioned forms of tensors (§) and (0). In particular, it is 
easy to see, that the case of both invariants equal to zero gives the matrix of 
the form (§, (§) and (§). 

3 Scalar field 

According to the little group method of construction of the unitary represen- 
tations of semidirect product groups, we have to choose a particular value 
of P^ u , take a particular unitary representation of the corresponding little 
group, which is, by definition, the subgroup of SO(2,q), which leaves that 
particular P^ v unchanged, and induce this representation on the whole group. 
In field theories with the usual Poincare symmetry it is known tha t the same 
representations can be described also in the language of fields and their equa- 
tions of motion. In the simplest case of scalar (trivial) representation of the 
little group it is necessary to use the space of the usual functions on the 
orbit, which can be described in this case as the space of functions $(P M!/ ), 
satisfying the equations of motion 

(TrP 2 - 2m\)§{P, v ) = 0, (11) 
(TrP 4 - 2m*)$(P^) = 0, 

(TrP 12 -2m 12 )<S>(P llu ) = 

The first is the equation of the usual Klein-Gordon type, the others are on the 
same footing as the first one, and altogether they define functional ^{P^ v ) 
on the orbit, which is characterized by the numbers mi, rri2, ...,me. It is easy 
to check that on the orbit (|j) this set of equations of motion reduces to the 
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usual Klein-Gordon equation in lie?: 

(Po^P ' 1 -m?)$(Poi) = (12) 
m 2 = m 3 = m 4 = m 5 = m 6 = m\ 

Actions, giving ([□]), are, in a coordinate representations, 

Si = - f[dXn(^(X)( n 9 — mf)$(X)) (13) 

i = 1,2, ...6. 

The question, whether it is possible to replace this set of Lagrangians by a 
single one, giving all necessary equations (|ITD, is open, even in the simplest 
case of the scalar field. For the other hand, field theory can be considered as 
a second-quantized version of the theory of particles. This particle Hamilto- 
nian, giving the same equations ( jTTj) as an equation for the wave function of 
the quantized particle, can be represented in a standard form: 

H = Ai (TrP 2 - 2mj) + ... + X 6 (TrP 12 - 2mf) (14) 

where \ are arbitrary gauge functions (consequently, functions, multiplying 
them, are constraints to be imposed on a wave function, cf. Eqs. (|iTD). We 
can define the Lagrangian after exclusion of momenta in the usual relation: 

L = P^X^ - H (15) 

It may be worth mentioning, that a very similar problem was discussed many 
years ago by Fiertz and Pauli fT^Q They considered, particularly, the prob- 
lem of construction of the Lagrangian for higher spin massive theories. These 
theories are described by a few equations of the same field, as in the present 
situation, and Fierz and Pauli developed the method of introduction of auxil- 
iary fields, leading to a single Lagrangian, with an equivalent set of equations 
of motion. 

4 Dirac equation(s) 

We now consider the spinor \1/ as a function of tensorial momenta P^ v with 
the following set of equations of motion: 

1 We are indebted to M. Vasiliev for bringing this article to our attention. 
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and actions: 



T^P^(P^) = (16) 

r^^WW = ( 17 ) 

pMlM2M3/i4M5/l6 p p p iT/l'P ^ — D 

1 - r /tl/t2-'/t3/t4- r /t5/i6 * \ r \w) — u l, lc V 

- 1 M1M2- 1 M3/M" 1 /15/ie- 1 W/18 * K 1 HV) U V XlJ V 

r^^-^p WM2 p /i3/l4 ...p /i9/il0 *(p^) = o (20) 
r™-^p^ 2 P mm2 *(P^) = o (21) 

S< = - [[dXn^iXMT^ 2 ---^- 1 ^- )V(X)) (22) 

i = 1,2, ...6, ^ = ^ T r°r ' 

Again we can check that on the orbit (f|) this set is equivalent to the lie? 
Dirac equation: 

r^Po^Po^) = (23) 
Then one can check that on-shell scalar invariants are zero (Q) : 

TrP^iP^) = 0, (24) 
TrP^{P^) = 0, (25) 

TrP 12 m(P^ v ) = 0. (26) 

To prove this, one has to multiply equations (PD to ( CT ) on different matrices 
like: 

1 1 [IV 1 1 1 [LV 1 Xpi 

and make some T-algebra calculations. For example, squaring ( fL6|) , we have: 

pMl/^2 p p/t3M4 p v&i'p 

1 - 1 /*l/i2 ± 1 ILZIIA^\ L liv) 

(r^^P IMllM2 P^ i + 2TrP 2 )y(P IMU ) = (27) 
i.e. Eq.. ([2§. Multiplying (0) on r w " J P^ )a we obtain 

p3 p/i3/*4 p VT/l'P — 

Ml/i2 1 P3fl4 w K 1 pis) 

(r^^P^ 2 P^ 4 + 2TrP 4 )*(P flv ) = (28) 



Squaring fllTD and using ( p4[ ) and higher equations from (pT6| ) to ([21]) , we 
obtain 



I 1 r tl.lV2 r *\ r L 



\iV ) 



(32T^^P^ 2 P^ 4 + mTrP A )^(P^) = (29) 



From (P8| ), ( |29[ ) and ( [24[) follows (|25|) and so on. Equivalently, it is possible 
to use instead of ([16]) to (pl|) equations (|T6| ) and 

Gi(P)^(P^) = 0, 2 = 2,3,4,5,6 (30) 



Here Gi are combinations of invariants defined below in fl42|). Equations (p0|) 
express higher invariants through TrP 2 and (|i~6[) gives the on-shell condition 
TrP 2 = and fixes the spinor structure of 



5 Vector field and gauge invariance 

We consider the Abelian vector field satisfying the usual Maxwell equation: 

P 5 F ji = (-PV + 1"1' J ) Aj = (31) 

This equation has a U(l) gauge invariance: 

5Ai = Pa(P) (32) 

which allows one to impose a gauge fixing condition off-shell and remove the 
longitudinal component: 

?M ! = (33) 
Assuming P 2 ^ we can rewrite the Maxwell equation ( [3~T]) as: 

P j PA r = P 2 (ft - ^) A, = (34) 

This equation means that A\ r = which implies the absence of physical 
degrees of freedom. Therefore on-shell we have to put P 2 = and P l Ai = 
which means in an appropriate frame: P, = (1,1,0,0,...) and Aq = A\. 
These relations are equivalent to well-known result that an on-shell vector 
field has d — 2 physical components with the massless condition P 2 = 0. 
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We now turn to the construction of the vector field theory in an £0(2, 10) 
invariant way. Using the vector A^Pxu) and the "field strength" 

Fj_iu\ = P^A X + P vX A„ + P Xil A u (35) 

we can define the following set of equations of motion: 

P^F^x = (36) 
(P'TF^x = (37) 

(38) 

(P ll Y lv F^x = (39) 
An equivalent set of equations is: 

P^F^x = 2 (Pf - \ttP 2 8^ A m = (40) 
Gi{P)A^ = z = 2,3,4,5,6 (41) 

Here Gi with G\ = — |TrP 2 are combinations of invariants (|||) coinciding 
with the coefficients in the expansion of the characteristic polynomial for 
matrix P„ u : 

f(x) = det(P-x) (42) 
= x 12 + x w G 1 + x 8 G 2 + ... + G 6 



Again this set is equivalent to the ordinary Maxwell system under the con- 
dition Pij = and therefore reproduces the masslessness condition P 2 = 0. 

We can now define the set of actions corresponding to equations (EDI) to 
( flip in coordinate space: 



St = j[dX^](-\F^ X F^x)i (43) 

Si = kij [dXn (-AxGitfx^A^ , (44) 
% = 2,3, ..6. 

Here we introduced coupling constants fcj with appropriate dimensionality. 
Actions, corresponding to the other forms of equations of motion (|36"D to ([39]) 
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are: 



K x = JidX^}(-^F^ x F, uX y (45) 

Ki = k l J[dX^](^A^5, v Tr(P 2l - 2 )-2(P^- 2 )^)A X ), (46) 

i = 1,2,. ..6. (47) 

Another possible set of actions is 

Ni = J[dX'"](-~F' a ' x F (a , x y (48) 

Ni = h j [dX^] (~F^ x (P 2i - 2 )lF^ , (49) 

% = 1,2,. ..6. (50) 

What about gauge invariance? Let's define the following variation of field 



5A^(P Xp ) = P^a v 5{G 2 {P))...8{G & {P)) (51) 



A M : 



Eqs. of motion (|41|) are evidently invariant with respect to this transfor- 
mation, ( (40|) also is invariant, because delta-functions in ( [51]) put P^ v to the 
form (|j), and (|4"0| ) becomes usual Maxwell equation with usual gauge trans- 
formation It is easy to see, that gauge transformation (|51|) permits 
one to gauge away A > component and longitudinal part of A{ (taking into 
account that A^ is non-zero only on the shell of delta-functions 5(G2{P)), 
...,*(G 6 (P))): 



SA 0/ (P 0H ) = P , u a»(P , l )=P (52) 
5Ai{Pui) = P iv a v {P m ) = P iQn (53) 

So, these equations describe the vector representation of SO (9) group, as 
desired. Note that actions (^3), ([0]) are invariant also. 

Another way of realizing the same idea of gauge invariance is as follows. 
We can define the following set of variations corresponding to each equation 
of the set: 



11 



5 1 A ll {P Xp ) = P™a»(P Xp ) 

S 2 A p (P Xp ) = k^P* u a»(P Xp ) (54) 



5 6 A p {P Xp ) = k^a^Pxp) 

Then it is easy to see that the following equation is satisfied: 

5iSi + 6 2 S 2 + .... + 5 6 S 6 = (55) 

due to the well-known Hamilton- Cayley identity for characteristic polynomi- 
als: 

f{P) = (56) 

where 

f(x) = det(P - x) (57) 

As above, assuming that higher eqns. 5S i /A Pi {i = 2,..., 6) are satisfied, 
eqn. fl55|) gives the usual statement of gauge invariance of Maxwell's action. 



(The equation similar to (55) is valid for other sets of actions, with different 



variations 5iA p- .) Then, under the condition P^ = the remaining symmetry 
is: 

8A ,(P 0H ) = P™a»(P 0H )=[3 (58) 
SMPffi) = Pl> u {Pm)=P l oH (59) 

The first one can be used for gauging away the additional twelfth component 
A i, the second gives the usual gauge transformation for the remaining lid 
Abelian gauge field. Of course, this symmetry is the same as ([53D, (|53|) above 
The subtlety in (0), ([59]) is that: if we consider the on-shell condition P 2 = 
from the beginning, it is not possible to gauge away A i, as is seen from (|58|). 

Eqn. (^) in this form is appropriate for generalization to non-quadratic 
Lagrangians, but we are not aware on any general considerations proving 
that such an equations are direct consequence of a multilagrangian nature of 
the theory. 
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6 Supersymmetry 



In this section we will consider (2 + 2)d super symmetric theories realizing the 
following algebra of supersymmetry: 

{q,q} = r^Pp, (60) 

/xi/,... = 0',0,1,2. 

We first define actions and the supersymmetry transformation for the super- 
symmetry multiplets in the (2 + 2)d theory, containing Majorana spinor and 
scalar and spinor and vector fields. For the scalar (Wess-Zumino) multiplet 
we can define the actions : 

s 2 = k 2 - [\dxn ( $g 2 $ + ^r^^ - — — — — (62) 

and variations of fields: 

= etf, 5^ = -T^ 2 —^- — (63) 
2 dX^ v ; 

8 2 m = -k^e, 5 2 $ = (64) 



The commutator of transformation (p3|) is T^ V P^ U1 according to algebra (|6 
the commutator of (|6^) is zero. 

It is easy to check the following supersymmetry relation: 

5 1 S 1 + 5 2 S 2 = (65) 

Again, as in the case of gauge invariance, the statement of supersymmetry is 
of the kind of (155]): the sum of variations of actions of different dimensionality 
is equal to zero. And again we can consider only variation of first action (|6l|) 
with respect of transformations ( |63"D . This transformation is the symmetry 
of flSTD if our fermionic field is satisfying the equation of motion following 
from second action (1521) . 

Similar equations for the vector multiplet are: 

Si = J[dX^](~F^ x F^ x + ^T^-^^^Y (66) 
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S 2 = k 2 J [dX^\ (^A x G 2 (d x , v )A > 



1 - d d \ 

2 .gx^w y ' v > 
5 1 A fi = eT^ (68) 

6^ = F^Y^e (69) 

5 2 ^ = -k^A^e (70) 

M„ = " (71) 

5 1 S 1 + 5 2 S 2 = (72) 

It is possible to find additional symmetries in the above actions which, how- 
ever, may not be important since all these theories are free. 



7 Conclusion and Outlook 

In the above we considered the construction of field theories, the space-time 
algebra of symmetries of which is a semidirect sum of so(2, q) and the Abelian 
algebra of second-rank tensors P\ p . The reason is that the bosonic part of 
the M-theory algebra has this form, with q — 10, modulo a sixth-rank cen- 
tral charge, and the aim of the present investigation is the development of 
an 5*0(2, 10)-invariant approach to M-theory. This algebra differs from the 
usual Poincare one in two respects: the momentum Pj is replaced by P^, 
and second time-like direction appears in the metric. The free theories of 
scalar, spinor, vector fields are constructed, as well as the supersymmetric 
free theory for q = 2. One of the main features, which is different in the 
present situation from the usual ones, is the necessity of having simultane- 
ously many Lagrangians for the same field. This follows from the existence of 
many invariants, constructed from P pu , which all have to be fixed for a given 
unitary representation of algebra of symmetry. For a scalar field, e.g., these 
equations are Klein-Gordon ones and their higher derivative analogs. An- 
other peculiarity is the form of the gauge and susy invariance. It is possible 
to write out the gauge transformations (for vector field), which is the sym- 
metry of all equations of motion. But exist another formalism, which seems 
to be more appropriate for generalisations, when the Lagrangians mentioned 
above are not separately invariant with respect to these transformations, but 



14 



only the sum of their variations - with different variations of the same field 
in different Lagrangians - is equal to zero. It is well-known, that free theories 
can possess very different kinds of algebras of symmetries, and only interac- 
tion selects the very few, such as susy algebra. So, it is important to have 
an example of an interacting theory. This can be constructed for q = 2. The 
similar "example" for q = 10 would be an explicitly 50(2, 10)-invariant for- 
malism for lid supergravity, unknown so far. It is possible to construct that 
on a linearized level. On this stage we can propose the first level equations of 
motion for graviton h^, gravitino ^f^, and third rank antisymmetric tensor 

-\d a pd^h^-d^d/h aP + dl a h av + dl a h a ^-dl u h = o (73) 

l» vXp d u ^ p = (74) 
d^F^xpa = F^xpa = d[ni>A\ p $h) 

It is easy to see that these equations go to usual lid linearized supergravity 
equations on the orbit (Q). The main problem here is the formulation of high 
level equations of motion with complete set of symmetries (global SUSY and 
gauge), which will be discussed separately. The other interesting question 
is the construction of extended objects with explicit 50(2, 10) invariance, 
appropriate for this hypothetical form of lie? supergravity. We refer to [12j . || 
and |T0| . [111] for some suggestions. 
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